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Abstract 

The existence of multiple nonnegative solutions to the anisotropic 
critical problem 






du 


du \ 




dxi 


dxi ) 



u m 



is proved in suitable anisotropic Sobolev spaces. The solutions corres- 
pond to extremal functions of a certain best Sobolev constant. The 
main tool in our study is an adaptation of the well-known concentration- 
compactness lemma of P.-L. Lions to anisotropic operators. Futher- 
more, we show that the set of nontrival solutions S is included in 
L°°fR^) and is located outside of a ball of radius r > in L^* 



Resume 

Nous montrons I'existence d'une infinite de solutions positives pour le 
probleme anisotropique avec exposant critique. La methode consiste 
a regarder la meilleure constante d'une inegalite du type Poincare- 
Sobolev et a adapter le fameux principe de concentration-compacite 
de P.L. Lions. De plus, on montre que I'ensemble des solutions S est 
contenu dans L°°(R'^) et est localise en dehors d'une boule de rayon 
T > dans LP*(M^). 
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1 Introduction. 



In this paper, the existence of nontrivial nonnegative solutions to the anisotropic 
critical problem 






du 






dxi 


dxi j 



uf-^u in (1) 



is studied, where the exponents pi and p* satisfy the following conditions 

N 1 

and the critical exponent p* is defined by 



In the best of our knowledge, anisotropic equations with different orders 
of derivation in different directions, involving critical exponents were never 
studied before. In the subcritical case, we can refer the reader to the recent 
paper by I. Fragala et al 

In the special case Pi = 2, i & {1, 2, A^}, Problem ([T]) is reduced to 
the limiting equation arising in the famous Yamabe problem 



-Au = u''\ u>0 in W\ (2) 

Indeed, let (M, g) be a A^-dimensional Riemannian manifold and Sg be the 
scalar curvature of the metric g. Consider a conformal metric g on M defined 
by g := u'^^g whose scalar curvature (which is assumed to be constant) is 
denoted by 5*^, where u is a positive function in C°^(M, M). The unknown 
function u satisfies then 

N — 2 N — 2 

~^^^^ 4(iV-l) ^^"^ 4(iV- l) *^^^^ (3) 

where denotes the Laplace-Beltrami operator. It is clear that, up to a 
scaling, the limiting problem of ^ (Equation ^ without the subcritical term 
4{N~\) '^g'") exactly The question of existence of minimizing solutions 
to (EI) was completely solved by Aubin p!] and G. Talenti Their proofs are 
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based on symmetrisation theory. Notice that this theory is not relevent in 
our context since the radial symmetry of solutions can not hold true because 
of the anisotropy of the operator. 

In [5], P.-L. Lions introduced the famous concentration-compactness lemma 
which constitutes a powerful tool for the study of critical nonlinear elliptic 
equations. The concentration-compactness lemma allows an elegant and sim- 
ple proof of the existence of solutions to ([2]) by minimization arguments. In 
the present work, we will adapt the concentration-compactness lemma to the 
anisotropic case and show that the infimum 



is achieved, of course, the functional space has to be specified. 

The motivation of the present work is to give a new result which can 
provide extremal functions associated to the critical level corresponding to 
anisotropic problems involving critical exponents. Notice that the genuine 
extremal functions are obtained by minimization on the Nehari manifold 
associated to the problem and the critical level is nothing than the energy of 
these extremal functions. 

The natural functional framework of Problem ([1]) is the anisotropic Sobolev 
spaces theory developed by P [IH 13 El [lO] . Then, let ^'^'^(R^) be the com- 
pletion of the space X>(]R^) with respect to the norm 





It is well known that (^V^'PiR^), \\-\\^ 

continuously embedded in L^* (M^) . 
In what follows, we will assume that 



) 



is a reflexive Banach space which is 



p+ = max{pi, p2 



Pn} < P*, 



then p* is the critical exponent associated to the operator: 
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The space X>^'P(M^) can also be seen as 

In the sequel, we will set p_ = min{pi, p2, pn},P+ = maxjpi, p2, Pn} 



and "j? = (pi, ■■■ 5 Pn)- Also, the integral symbol / will denote 




and will denote the usual Lebesgue norm in L^'iM.'^). We denote by 
97l(R^) (resp. 2Jt'^(]R^)) the space of finite measures (resp. positive finite 
measures) on M^, and by ||-|| its usual norm. 



du 
dx.; 



2 Existence of extremal functions for a Sobolev 
type inequality 

In this paragraph, we shall prove that a certain best Sobolev constant is 
achieved. 

Theorem 1. Under the above assumptions on pi, i = 1,...,N, N ^ 2, 
there exists at least one function u G T>^'^ (IR^), u ^ 0, u : 



N 

E 

i=l 



_d_ 

dxi 



du 



dxi 



du 
dxi 



u 



P*-^ in V'iR^ 



The proof will need two fundamental lemmas, the first one is a result due 
to M. Troisi [10]: 



Lemma 1. (Troisi |10] ) 

There is a constant Tq > depending only on ~p and N such that : 



N 



To ^ n 

for allue 



du 



dxj 



J- N 

and ||m|L, ^ y ^ 



Pi 



'P NTr 







i=l 



du 



dxj 



The second lemma is a rescaling type result ensuring the conservation of 
suitable norms: 
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Lemma 2.^ 

Let ai = — - 1, i = 1, . . . ,N. For every y E , u E V'^''p(R^), and 
Pi 

A > 0, if we write x = (xi, . . . , xa?), y = (yi, . . . , yjv), f (x)=n'^'^(x) = 

Xu{\"^x, + yu...,X"''XN + yN), 
we get 

\\u\\p, = \\v\\p. , 



du 




dv 


dxi 


Pi 


dxi 



, for i= 1,...,N, 

thus, = 
Proof. 

TV 

Noticing that ^^a* = P*, a straightforward computation with adequate 

i=l 

changes of variables gives the result. 
Lemma 3. 

. Then S > 



Let S= Inf <( y - 



dxi 



Proof. 

From Lemma [1], we obtain that if \\u\\ , = 1, then 



N 
i=l 



du 



dxj 



^ iVTo > 0. 



Using standard argument, the infimum 



(4) 



f ^ 1 ^ 1 

Inf <^ V — af , (ai, . . . , a„) G M^, V «i ^ ^^o, ^ ^ =Si 

[Up^ tr J 

is achieved and thus this minimum is positive. By relation (jlj), one concludes 
that Si>0. 

Corollary 1. of Lemma [3] (Sobolev type inequality) 

Let p- = min(pi, . . . ,pn), P+ = max(]9i, . . . ,piv) and F be the real valued 
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function defined by F{a) 



aP- if (T^l. 
Then for every u G V^''^ (M^), one has 



N 



i=l 



Pi 



du 



dxi 



--P{Vu). 



Proof. 

Let u be in T)^' ^ (R^) . liu = the inequality is true. If -u 7^ 0, set 



u 



w 



\u\ 



then from the definition of 5* one has 



^ 1 



dw 



dxi 



> S. 



(5) 



Since t^^ ^ if t > 1 and t^' ^ t^- otherwise, the resuh follows from 
relation and the definition of F. (} 

Remark 1. Along this paragraph, we only need the inequality : 

'3 W'^Wp* ^ P(Vu) whenever \\u\\p, ^ 1. 

We shall call {V) the minimization problem 



N 



{V) 



du 



dx,. 



Inf {PiVu)}. 



Let (un) C V^'P (M^) be a minimizing sequence for the problem {V). As 
in [5] and Willem [12], we define the Levy concentration function: 



QnW = sup / \Unf dx, A > 0. 

' E{y,X°'i,...,X°'N) 



Here E{y, . . . , A"^) is the ellipse defined by 



Z = (Zi, ...,ZN)e 



i=l 



with y = (yi,...,y7v) and > as in Lemma [21 Since for every n, 
lim = and QnW ^ 1- There exists A„ > such that (5„(A„) = 

-. Moreover there exists y„ G such that 



Iei 



I . 

"1 >"JV\ 2 



'Eiy„X\...X'') 

Thus by a change of variables one has for w„=tt^"'^ 



dx = - = sup 

-8(0,1) 2 j^gRiV J B{y,l) 



Since ||v„||p, = H^^nllp. , 



dVn 




dUn 


dxi 


Pi 


dxi 



Vnf dx. 

P(Vun) = P{Vvn) we deduce 



that (vn) is bounded in V^'P (M^) and is also a minimizing sequence for (V). 
We may then assume that : 



in !H+(M 



• Vn ^ V a.e m 

We define : 



u in On+(M 

AT 



^ 1 



N 



(6) 
(7) 





dVn 


/|x|>R 


dxi 



Pi 



lim lim 



|x|>i? 



We start with some general lemmas. First by the Brezis-Lieb's Lemma j2], 
direct computations give the following 
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Lemma 4. 



The lemma which follows gives some reverse Holder type inequalities con- 
necting the measures u, and ^i, 1 ^ i ^ N. 

Lemma 5. 

Under the above statement, one has for all ip G C^(]R^) 



1 



N 



i=l 



1 



\ip\ dv 



IP ^,,\ ^ p^^* II ..II . I I l,o|P+ 



1 



Proof. 

Let ip E C^(M^) and set Wn = Vn — v. Since / Iv^xJ^' Iwnf' dx 
then have : 



n— >+oo 



0, we 



lim 



d 



dx, 



dWn 



dxi 



dx 



"'d^i,. (8) 



p 1 



i=l 



1 



(9) 



dx = lim / |(/?|^' 

n 

Thus from Lemma [H it follows that 

Ipfdi^ = lim I" \pwn\^ dx ^ ^TfrYlljl^rM 
On the other hand, since 



dfi, ^ p+ 1 \pf^ dii ^ p+ ii/iii' ( / \pr ] (10) 



^ 1 N 

applying the estimates and (fTOj) and knowing that > — = 1 H , we 

p. p* 



deduce 



4 = 1 



du] ' ^pf^^' ll^p+^^-^T . ^ ( / \pf+dfi 



This ends the proof. 
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We then have ||f ^ 1. So if ||f ||p* = 1 then v is an extremal function 
since P(Vf) ^ hminf P(Vv„) = S and 5" ^ P(Vf). Thus, we want to show 

n 

that fact, by proving that if it is not true then we have a concentration of u 
at a single point and therefore v = 0. 



Main Lemma 



The remainder of this section is devoted to the proof of the main Lemma 



Lemma 6. 

Ifv^O then 



lim \\v„ — vlir. = 1 — lli^lir. < 1- 



Proof. 

From Brezis-Lieb's Lemma we have : 



lim ( ll^^nllp* - \\Vn - V\\p, 



Since ||fn||p. = 1, we derive the result. 



I IIP 







Lemma 7. 



S\W\\i^ ^ 



1^1 



Proof. 

For large n, according to Lemma El we have 



Thus for all G C^{R^ 
S 

Letting n ^ +oo, one gets : 
S 



\Vn — vf dx ^ 1. 

\ip\^ ^ 1, it holds: 

^+ N 



P » - 1 



d{Vn - V) 



dxi 



dx + o„(l). 



ipf dp j ^ ^ — j dni ^ ll^ll . 



i=l 
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Using the density of C~(M^) in Cc(M^), we get then 



S I sup 



that is the desired result. 



Lemma 8. Let ipn be in C^(M), ^ tpR ^ 1, ipR = I if \x\ > R + 1, 
i^nix) = if \x\ < R. Then for any 7i > 0, i = 0, . . . , N , the two equalities 



hm hm / 'ijj]^dx, 



N 



Hoc = hm hm> 



_R— >+cxD n '—^ T); 

i=l 





dVn 


/ 


dxi 



ijj'Jidx. 



hold true, where z/qo cind n^o are defined by 



Proof. 

As in Willem |T2|, one has : 



/ 1^;^!^ dx ^ \vnf ipRdx ^ / 

J\x\>R+l J J\x\>R 



\Vnf dx, 



dxi 



dx ^ 



dxi 



\x\>R+l 

We conclude with the definition of i^oo and fioo- 



\x\>R 



dVr, 



dxi 



Pi 



dx. 



Lemma 9. 

Let Wn = Vn — V. Then, for any 7j > 0, i = 0, . . . , N , we get 



Poo = lim lim / \wn\ i^jidx, 

R^oo n 



and 



lim lim 

R^oo n 





dWn 


1 


dxi 



ipTidx. 
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Proof. 

Since 



Thus 



and 



lim / \vf iIj'^^ 



lim 

R-^+oo 



dv 



dxi 



ipj^dx = 0. 



R^oo n 



N 



lim lim / \wnf ipR^x = lim lim / \vnf tp]^dx = Uoo 



R^oo n 



lim lim > 

R^oo n ^-^ 





dWn 


f 


dxi 



N 



tbli dx = lim lim — 

" R^oo n ^-^ p,- 

1=1 





dVn 


f 


dxi 



tjj'J^dx. 



Lemma 10. 



Proof. 

From Lemma [6], we know that for n large enough, we have 



knT ^ / dx ^ 1. 



Thus by Sobolev inequality (Corollary [T] of Lemma [3]), it follows 

d 



S I / \lpRWn\^ dx\ ^ 



P » ^ 1 



■t=l 



Pi 



dx. 



■{i^RWr. 



S\ lim lim / \iljRWrif dx] ^ lim lim^^ — 



N 



Since 



then 



AT 



lim y 



N 



lim lim — 



^ (I 





dipR 


Pi 


1 


dxi 


\Wn\ 



N 



lim lim — 

i=l 





dWn 


/ 


dxi 



i^R = 
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relation (1121) and Lemma [H] give : 



Following again the arguments used in [12] we claim that: 
Lemma 11. 

1 = lim llfnilp. = il^^llp* + ||z^|| + Z^oo- 

Proof. 

From Lemma HI we have : 

I IP* V I IP* I 

\Vn\ \V\ + v. 

Thus 

R^+oo n J J J 

Rewriting as 



\v F 



we obtain 



lim||f„F, = lim lim {l — ip^)\vnf + lim lim / tp^ \vnf 

n P R-^+oo n J _R— >+oo n J 



l^llp* + ll'^ll + ^oo 



Next, we shall prove the following corollary: 
Corollary 1. (of Lemma [5]) 

There exists an at most countable index set J of distinct points {xjjjgj C 
and nonnegative weights aj and bj, j & J such that : 

1. j, = ^aj5.^^. 
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p+ 



3. Saf < bj, eJ. 
Proof. 

The proof follows essentially the concentration compactness principle of P.L. 
Lions |5] because we have the reverse Holder type inequalities of Lemma [51 
Indeed, the second statement of this lemma implies that for all borelian 

sets E C M^, one has: 

u{E) ^ c^fi{E)^ . (13) 

Since the set D = {x E : y[x({x}) > 0} is at most countable be- 
cause II G 97l(]R^), therefore D = {xj, j G J} and bj=fi{{xj}) satisfies 

Relation ( |T3l) implies that v is absolutely continuous with respect to /x, i.e., 
V ^ \i and 

L <.c,ii{B{x,T)y^ \ 

l2[B{x,r)) 

provided that fi(^B{x,r)^ ^ (remember that p* > p+). Thus, we have : 

'[B{x, r)) 



and 



Je jj,i^B{x,r)) 



D^iy{x) = lim ^(^^•^'^'>) = o, a.e. on \ D. 
r^o /i(i?(x, r)j 



Setting = D^iy{xj)bj, relation fll3p implies that u has only atoms that are 
given by {xj}, that we have already get. 

Let (p G C^(]R^), '/?(xj) = 1, llv^lloo = 1. Then, using statement 1. of 
this corollary and relation ffTTl) . we have 

5af ^sl^jl^fduY <^^^J dfi.. (14) 

We shall consider (p G C;?°(M^), ^ ^ 1, support((/)) C S(0, 1), 0(0) = 1. 
We fix j G J and set = (xj,i, . . . , Xj^at), = — , i = 1, . . . ,N. 

P Pi 

13 



1 ^ 

Then ai=— satisfy } Qk — aiQi = 0. For e > 0, we define, for every 



fc=l 



Thus we have : 



and then 



[z)dz 









. . . , 
















dcf) 


/ 


dxi 




dxi 



(15) 



(16) 



If r ^ 



dxi 



dz 



V* 



0. 



(17) 



Lemma 12. Lei x,- G D and 0e 6e i/ie function defined above associated to 



Xj. Then : 



Saf < hmhm V- [ 









dxi 



Pi 



dx. 



Proof. 

Since < < 1 then / ^- < 1. From Corollarymof LemmaS it 

follows 



S 



P » — -V 1 



Vn\^ dx\ ^ ^ 



i=l 



Pi 



dx, 



From relation ( |T7I) . we have 



lim 

e-»0 



Since 

then one has : 

^ I 

lim lim > — 

i=l 



lim 

n— >+oo 



IvP' dx = 0. 



— vl^' dx = 0, 



AT 



(19) 



(20) 



dx = lim lim — 

" Pi , 





dVn 


/ 


dxi 



'dx (21) 
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From relations (1181) and fl21l) . knowing that \vnf ^ \vf + u (see Lemma Hj), 
we obtain 



P+ N 

Saf ^ limlim > 

i=l 



^ 1 



Pi 





dVn 




dxi 



dx. 



Lemma 13. 



N 



Assume that — 

^ Pi 

i=i 



dVr, 



dxi 



Jl m !m+(R^). Then 



p+ 



1. For all j G J, Saf ^ lim /i(support0£) 
(one has support (j)e C i?(xj, maxj )). 



2. \\Ji\\ ^ S\\v\\~ + P{Vv). 

3. S = \imn->+ooP{VVn)=\\Jl\\+ ^oo ^ P{V v) + S \\v\\^ + ^ir^ 

Proof. 

From Lemma [121 since dfj ^ (bp and 



TV 



lim — 

i=l 



dVr, 



dxi 



dx ^ (pedfJ-, 



one obtains 



£^0 



Saf ^ lim / (pedfJ- ^ lim/i I B{xj] max e 



£^0 



(22) 



This shows that {xj}j^j are all atomic points of // and since 



i=l 



Pi 



dv 



dxi 



IS 



orthogonal to the atomic part of fi, one deduces from relation fl22|) that 



AT 



1=1 



Si) 



(23) 



This implies in particular that : 



(24) 
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Since — < 1 one has 
p* 



i6J 



(25) 



As ly = '^^ttjSr^., it holds 

which means, combining relations (!24l) to (!26|) . that : 

ll/III ^ S\\iy\\l^ + P{\/v). 
For the last statement, we argue as before: 
S = \imP{Vvn) 



(26) 



N 



1 



lim lim / (1 — tAr) — 

R^+oo n l^.r ^ ' ^ T,. 



i=l 



Pi 



dVr. 



dxi 



dx 



+ lim lim / ipR — 

R-*+oo n J ~^ Pi 



N 



dVr, 



dxi 



dx, 



where i/jr = 1 on \x\ > R + 1, ^ ipR ^ 1, ipR = ii \x\ < R, i/jr e C(I 
By the definition of Jl, one has : 



N 



lim lim / (1 — i/jr) — 
and (see Lemma [8]): 



i=l 



dVr. 



dxi 



N 



dx = lim / (1 — ipR)djj, = 

R 



lim lim / i/jr \^ — 



dVr. 



dXi 



dx /^oo ; 



thus, by the preceding statements: 

S = ||/i|| + /ioo ^ PiVv) + S P* + /ic 
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Lemma 14. 

//" ll'^llp* < 1 then \\u\\ = 1, z/qo = and v = 0. 
Proof. 

From Lemma [THl we know that 

And by Corollary [T] of Lemma [H we have 

S\\v\\lt ^P{Wv). 

From the last statement of Lemma [13] and the above inequalities we deduce 
that : 

Thus we obtain, due to Lemma fTTl that 



Using the inequality 



we get 



klip- + ll'^ll +^00)" ^ ll^'llp'C + ^* + v£ , 



It follows that ||f lip. , 1 1 1^1 1 and i/qo are equal either to or to 1. But using 

1 f * I 

the fact that Poo ^ since / |fn|^ dx = -, we conclude that = 0, 

lltill . < 1 (by our assumption) so that v = and thus = 1. 



Lemma 15. 

Ik lip* < 1 ^^^^^ measure v is concentrated at a single point z = xi 

Proof. 

Since 

S = + /ioo ^ 5" a/* , 
i6J 
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(see relation (|2^ ) and 1 = = we then have : 



5^ a, E' 

o'G"' / jeJ VjeJ 

Thus the Qj j dbTQ equal either to zero or to 1 that is, there is only one index 
io such that = 1 and aj = for j iQ : ly = tti^Sxi^. <C> 

End of the proof of the main Lemma : 

If II f lip, < 1 thus u concentrates at Xjg and = 1. On the other hand we 
have - = sup / |f„|^ ^ / \vnf dx ||z/|| = 1, which is impossi- 



2 ym^JB{y,l) JB{x,^^,1) 

ble, we conclude then that ||f H^, = 1. <) 

Consequently, the function f is a (non trivial) extremal function that can 
be chosen nonnegative (replacing v by |f |). 

End of the proof of Theorem [1] : 

From usual Lagrange multiplier rule, there is Aq > 0, such that : 

^ OXi \ OXi OXi j 

_J_ 1 

A similar rescaling argument used above (say f (Ag ''^ xi, . . . , Ag xn) ) 
gives the result. ^ 

The multiplicity of solutions comes directly from Lemma [21 that is : 
Lemma 16. ; 

Let a G M, = a a, z = 1, . . . , and u & S. Then, for all A G Ml for 

Pi 

all z = (zi, . . . , zn) G M^, the function defined by 

w^'^(x) = A"m(A"1zi + ^1, . . . , A"^x^ + Zn), 
with ) belongs to S. 

Proof. 

It is the same as for Lemma [2] using a direct computation. 



18 



3 Some properties of the solutions of (1) 

We want to show first the : 
Proposition 1. 

Any nonnegative solution u being in T>^'P (M^) of (1) belongs to L'^{M.^) for 
all p* ^ q < +00. 

Proof. 

We follow the proof of [1]. Let a > 0. Let j be fixed in {1, ... , A^}, for L > 
(large) we define ipj^L=umm[u'^Pi , L^^] G V^'P (M^) and for all i 

\diu\^'~'^ diudi^j^L ^ minlu^-P^ , L^^] \diuf' a.e, (27) 

and 

\di{u ■ min[M^ L])f' ^ (a + 1)*'^ min[M'^P^ L^^] a.e. (28) 

Choosing ipj^i as a test function, one has : 

/ mm[u^P\LP^]\djuf' dx ^ V / \diuf'~^ diudiipj^Ldx 

JrN ^ J^N 

(29) = / uP* mm[u''P^,LP^]dx. 
Introducing A; > 0, one has : 

[ uP* minlu^P^ W]dx ^ k^P^ [ u^^dx+f u^' mm[u''P\ LP^]dx. (30) 
Writing that : 

I vF* mm[u''P\W]dx= j u'p*-'p^vF^ {rmn[u'' ,L\f' dx. (31) 

The Holder inequality applied to the right hand side of relation fl3T]) shows 
that : 



Ej_ , El 

uP' mmlu^P^ , LP^dx ^ i I u^'dx] " [[ (^/ min[M^ L])^ 

M>fc \J u^k 



(32) 
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By the Troisi's inequality (see Lemma [T]) 



[ {umm[u'',L]f]^ ( [ \di iumm[u'' , L])\A'' (33) 

Setting li = ( \di{umm[u'',L])f'Y\ Sk = vF*dx, relations d^S]) to 



N , ^ , J_-| 

„.\ Pi 
Pi 



j^i^j |5.(«minKL])P 



dSSD, lead to : 

j \dj{u ■ min[«", L\)\^^ dx ^ (a + 1)^^ j mm[u''P^ , dx 
Thus, for all j : 

^ (a + l)r (^j uP'dx^ + c(a + (34) 
The relation (1341) infers : 

5^/,<(a + l)r K^IHP +c(a + l) K^.I^ ' l U^^O- ^35) 

j=l \j=l J \j=l J \i=l / 



Since lim / ^ = 0, there exists ka > such that for all k ^ ka, such 



that c(a + 1) ^^^fc^ ^ -• Thus relation (I35p infers then 

^ Ij ^ 2{a + l)r J2 M\p' ' M ^ 
i=i j=i 

By the Troisi's inequahty, one has : 

N N p*_ 

||M-min[it",L]||^p. ^c^Ij ^ 2c{a + l)k''^\\u\\pi 
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Letting L — +00, one has : 



TV 



u 



Let q = {a + l)p*, then we obtain the result. <0 

Proposition 2. Any nonnegative solution u being in V^'"^ {R.^) of (1) be- 
longs to L°°(M^). Moreover, there exists a number tq depending only on pj, 



N such that 



l^llp* ^ To > 0, for u non trivial. 



Proof. 

For u ^ solution of (1), we set A^- = {x E M^, u{x) ^ r} and \At-\ its 
Lebesgue measure. Since p* > p+, one can choose g > p* so that 



1 



p* 



p^ 



1 



1 



1 



> 0. 



p^ / p 



Let = {u — k)^, for A; > fixed. Chosing this function as a test function 
and using proposition [T], one has : 



N 

E 

i=l 



dipk 


Pi r 


dxi 


Pi 



u 



Iv^fcllp. > (36) 



with ci = \\u\\^ . 

Since Hv^fcHp. ^ ll^^llp*) thus the corollary [1] of Lemma [3] and relation fl36 



imply 



with C2 
Thus, 



1 



TV 

E 

i=l 



dxi 



Max ( \\u\\lt 

S ■ p^ l^i^TV ^ '"^ 



^ C3 \Ak 



, C3 = C1C2. 



(37) 



1 (l-El^fl^^) 



(3^ 



with C4 = Cg"*" ^ . By Cavalieri's principle, Holder inequality and relation 
one has, for all > 0: 



\A^\ dr 



{u - k)+{x)dx ^ \Ak\^ p* \\(pk\\p, ^ C4 



|l+e 



(39) 



21 



This last relation is a Gronwall inequality, which shows that Vfc > 

l+e 



Setting 
and noticing that 



L,|| l+e 

I "Hp* "-4 1 



\\{u-k)+\\,^ 



Ml* 



thus relation (HDD becomes : 



^ Inf 

"°° A:>0 



(7 + 1)7 ^+160^ 



1 

1+7 



(40) 



(41) 



Separating the contribution of and ||'u|L*, we have a continuous map 



A : 



and constants C5 > and P depending only on so that 



kiloo ^ C5 A(||n|| ), 



(42) 



with (3 



p* - 1 



(p+-l)(l + £)(l + 7) 
Thus, from relation (USD, we deduce 



A(a) 



a'P' Max (a^'+'P^^ 



(l+e)(l+7) 



^C5||ii|L.^ A(hL*) foru^O. 



(43) 



But the number n=l — P [ 1 =0, so relation (143!) implies that there 

V (1 J 

is a number Tq > depending only pj, p* such that \\u\\p, ^ Tq > 0. <^ 

Acknowledgment : The authors would like to thank the referee for his/her 
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